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Abstract. We study continuous phase spaces of single spins and develop a complete
description of their time evolution. The time evolution is completely specified by
so-called star products. We explicitly determine these star products for general spin
numbers using a simplified approach which applies spin-weighted spherical harmonics.
This approach naturally relates phase spaces of increasing spin number to their
quantum-optical limit and allows for efficient approximations of the time evolution
for large spin numbers. We also approximate phase-space representations of certain
quantum states that are challenging to calculate for large spin numbers. All of these
applications are explored in concrete examples and we outline extensions to coupled
spin systems.
Keywords: phase-space methods, spin systems, time evolution, star product, spin-
weighted spherical harmonics
1. Introduction
Phase-space techniques provide a complete description of quantum mechanics which is
complementary to Hilbert-space [1] and path-integral [2] methods. These techniques
are widely used in order to describe, visualize, and analyze quantum states [3–12].
Particular cases include Wigner [13], Husimi Q [14], and Glauber P [15] functions. In
this work, we are particularly interested in phase-space methods that are applicable to
(finite-dimensional) spin systems [16–27] and how these methods are related to infinite-
dimensional phase spaces [28]. Building on earlier results in [17, 18, 21, 22, 27, 29], we
have developed in [28] a unified description for the general class of s-parametrized phase
spaces with −1 ≤ s ≤ 1 which is applicable to single spins with integer or half-integer
spin number J and which naturally recovers the infinite-dimensional case in the large-
J limit. The s-parametrized phase-space function corresponding to a Hilbert-space
operator A is denoted by FA(Ω, s).
A new focus emerged recently with the objective to faithfully describe coupled spin
systems with the help of phase-space representations [29–38] while also emphasizing
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Figure 1. Example of how methods developed in this work can be applied (see
section 10): Efficiently computed approximations of spherical Wigner functions of the
excited spin coherent state |Ω+0 〉 (see (69)) are shown together with their L2 errors.
They concentrate at the north pole for increasing spin number J and approach the
photon-added coherent state |α+0 〉 (see (64)), as the spherical phase space converges
to the planar one. The spherical Wigner functions are plotted on a sphere of radius
R :=
√
J/(2pi).
their spin-local properties. In this context, we have completely characterized the time
evolution of Wigner functions for coupled spins 1/2 in [34] using explicit star products
[19, 23, 34]. Star products are an important concept in the phase-space description of
the time evolution and they determine the phase-space function
FAB(Ω, s) = FA(Ω, s) ?
(s) FB(Ω, s), (1)
of a product of two Hilbert-space operators AB in terms of the individual phase-space
functions FA(Ω, s) and FB(Ω, s) [34]. This results in the so-called Moyal equation
∂Fρ(Ω, s)
∂t
= −i FH(Ω, s) ?(s) Fρ(Ω, s) + i Fρ(Ω, s) ?(s) FH(Ω, s) (2)
which describes time evolution of a quantum state Fρ(Ω, s) under a Hamiltonian
FH(Ω, s) directly in phase-space (cf. [34]).
In this work, we extend our earlier results in [34] on Wigner functions of coupled
spins 1/2 and present the explicit form of the star product for the general class of s-
parametrized phase spaces which is applicable to single and coupled spins of arbitrary
spin number J . We also rely on phase-space techniques for single spins J that have been
developed in [28]. We introduce spin-weighted spherical harmonics [39] as an important
new technical tool to the theory of phase spaces, even though they have not been
considered in this context before. This allows us to significantly simplify the theory of
phase spaces and their star products. In particular, we can now efficiently approximate
the time evolution of phase-space representations for single spins that have a large spin
number J . Many quantum states have quite complicated phase-space representations
which are challenging to calculate for large values of J . Approximation methods for the
time evolution also lead to efficient computational techniques for approximating phase-
space representations of spins with large J and figure 1 illustrates this limit for Wigner
functions of excited spin coherent states. Relying on results from [34], we outline in the
main text how our results can be also extended to coupled spin systems.
Let us compare our work with earlier results. The star product of Husimi Q
functions of single spins has been derived in [40] using angular-momentum operators.
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This approach has been independently rediscovered in [23,24] and was used to calculate
the star product and time evolution of Glauber P functions, and this has also been
translated to the general case of s-parametrized phase-space representations. A
semiclassical equation of motion was derived in [23] by neglecting quantum terms
of the star product, which has then been applied to the semiclassical simulation of
quantum dynamics [25] and the classical limit of spin Bopp operators [41]. In contrast
to this approach relying on angular momentum operators, our techniques based on spin-
weighted spherical harmonics and spin-weight raising and lowering operators facilitate
a simplified and more systematic approach and also lead to additional formulas for the
star product. The derivation of the exact star product is now completely transparent
and all of its quantum contributions are accounted for. One particular strength of our
approach is that the large-spin limit is naturally incorporated as spin-weight raising and
lowering operators converge for large J to derivatives in the tangent plane (which are
widely studied in infinite dimensions [42]).
This work has the following structure: We start in section 2 by recapitulating
elementary properties of infinite-dimensional phase spaces and their star products. In
section 3, we recall the structure of phase-space representations for single spins J
following the approach of [28]. We introduce spin-weighted spherical harmonics and
summarize their main features in section 4. Important approximation formulas for
spin-weight raising and lowering operators are derived in section 5. The sections 6-8
constitute the main part of our work and various formulas for exact and approximate
star products are obtained. Our methods are illustrated with concrete examples in
sections 9-10. Before we conclude, extension to coupled spin systems are outlined in
section 11. Certain details and proofs are deferred to appendices.
2. Phase spaces and star products in infinite dimensions
An important class of infinite-dimensional phase-space representations of a density
operator ρ contains s-parametrized phase-space distribution functions (where −1 ≤
s ≤ 1) which can be defined via [3, 15,28,43,44]
Fρ(Ω, s) = Tr [ ρD(Ω)ΠsD†(Ω)]. (3)
The distribution function Fρ(Ω, s) is determined by the expectation value of the parity
operator Πs which is transformed by the displacement operator D(Ω). The parity
operator inverts phase-space coordinates via Π0|Ω〉 = |−Ω〉 [44] and the displacement
operator D(Ω) is defined by the property that it translates the vacuum state |0〉 to
coherent states D(Ω)|0〉 = |Ω〉. Here, Ω parametrizes a phase space with either the
variables p and q or the complex eigenvalues α of the annihilation operator [3]. And
the parameter s interpolates between the Glauber P function for s = 1 and the Husimi
Q function for s = −1. The particular case of s = 0 corresponds to the Wigner
function. All s-parametrized phase-space distribution functions are related to each other
via Gaussian smoothing [15,28], and the convolution of the vacuum-state representation
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F|0〉(Ω, s′) with the distribution function Fρ(Ω, s) results in a distribution function
Fρ(Ω, s+s
′−1) = F|0〉(Ω, s′) ∗ Fρ(Ω, s) = exp[1−s′2 ∂α∗∂α]Fρ(Ω, s) (4)
of type s+s′−1. The r.h.s. of (4) establishes the corresponding differential form, see,
e.g., Eq. (5.29) in [45].
We adapt notations from [21] for the infinite-dimensional tensor operators Tν :=
D(ν) which define the displacement operators using a continuous, complex index ν.
The phase-space representations FTν (α, s) = γ
−s
ν Yν(α) are up to the weight factor
γν := exp(−|ν|2/2) proportional to the harmonic functions Yν(α) := exp(να∗−αν∗) [21],
where the power −s of γν is determined by the type s of the representation. Up
to a complex prefactor, multiplying two displacement operators results in a single
displacement operator [15]:
TµTν = exp[(µν
∗−νµ∗)/2] Tµ+ν . (5)
Applying the product in (5) and the star product from (1), one obtains the formula
[γ−sµ Yµ(α)] ?
(s) [γ−sν Yν(α)] = exp[(µν
∗−νµ∗)/2] γ−sµ+ν Yµ+ν(α). (6)
The star product satisfies (6) and it can be explicitly defined as a power series
?(s) := exp[ (1−s)
2
←−
∂ α
−→
∂ α∗ − (1+s)2
←−
∂ α∗
−→
∂ α] (7)
of partial derivatives as in Eq. (3.5) of [42]. Setting α = (λq+iλ−1p)/
√
2 for arbitrary
real λ [15], the derivatives observe (see also Eq. (3.4’) in [42])
(1−s)
2
←−
∂ α
−→
∂ α∗ − (1+s)2
←−
∂ α∗
−→
∂ α = i[
←−
∂ q
−→
∂ p −←−∂ p−→∂ q − sλ2←−∂ p−→∂ p − sλ−2←−∂ q−→∂ q]/2.
The arrows represent whether derivatives are to be taken to the left or right. For s = 0,
we obtain ?(0) = exp(i{·, ·}/2) as stated by Groenewold [46] and {·, ·} =←−∂ q−→∂ p−←−∂ p−→∂ q
denotes the Poisson bracket.
3. Finite-dimensional phase spaces
We briefly review s-parametrized phase-space representations for a single spin with
spin number J following the approach of [28], which recovers the previously discussed
infinite-dimensional case in the large-spin limit. The continuous phase space for the
finite-dimensional spin J is fully parametrized using the two Euler angles Ω := (θ, φ) of
the rotation operator R(Ω) = R(θ, φ) := eiφJzeiθJy . Here, Jz and Jy are components of
the angular momentum operator that are defined by their commutation relations, i.e.,
[Jj,Jk] = i
∑
` jk`J` where j, k, ` ∈ {x, y, z} and jk` is the Levi-Civita symbol [47].
This leads to a spherical phase space with radius R :=
√
J/(2pi). The displacement
operator D(Ω) from the infinite-dimensional case is replaced by the rotation operator
R(Ω) which maps the spin-up state |JJ〉 to spin coherent states |Ω〉 = R(Ω)|JJ〉
[18, 48,49]. The s-parametrized phase-space representation
Fρ(Ω, s) := Tr [ ρR(Ω)MsR†(Ω)] (8)
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of a density operator ρ of a single spin J is then obtained as the expectation value of
the rotated (generalized) parity operator (refer to [28])
Ms :=
1
R
2J∑
j=0
√
2j+1
4pi
(γj)
−s Tj0, (9)
where Ms is specified in terms of a weighted sum of tensor operators Tjm of order zero
(i.e., m = 0). The tensor components Tjm depend on the rank j ∈ {0, . . . , 2J}, the order
m ∈ {−j, . . . , j}, and the spin number J . The explicit matrix elements are specified in
terms of Clebsch-Gordan coefficients [21,47,50,51] as
[Tjm]m1m2 :=
√
2j+1
2J+1
CJm1Jm2,jm = (−1)J−m2 CjmJm1J,−m2 , (10)
where m1,m2 ∈ {J, . . . ,−J}. The weight factor has the explicit form
γj := R
√
4pi(2J)! [(2J+j+1)! (2J−j)! ]−1/2, (11)
and the power −s of γj determines the type s of the phase-space representation [28].
Tensor operators Tjm form an orthonormal basis of (2J+1) × (2J+1) matrices
with respect to the Hilbert-Schmidt scalar product Tr [ TjmT
†
j′m′ ] = δjj′δmm′ where
0 ≤ j ≤ 2J and m,m′ ∈ {−j, . . . , j}. Similarly as in (5), the product of two tensor
operators can be decomposed into a sum (applying the notation of [34])
TjmTj′m′ =
2J∑
`=0
K`jm,j′m′T`,m+m′ (12)
of tensor operators using the decomposition coefficients K`jm,j′m′ as detailed in Appendix
A. The phase-space representations FTjm(Ω, s) = γ
−s
j Yjm(Ω)/R of tensor operators are
proportional to spherical harmonics of rank j and order m and they are orthonormal
with respect to a spherical integration∫
S2
Yjm(Ω)Y
∗
j′m′(Ω)/R
2 dΩ = δjj′δmm′ (13)
according to dΩ = R2 sin θdθ dφ. Similarly as in (6), the defining property of the
star product for phase-space representations of spins can be transferred to spherical
harmonics since these distribution functions are always given as a finite linear
combination of spherical harmonics:
Definition 1. As in (1), the star product ?(s) of two phase-space representations of type
s satisfies for a single spin J the condition
[γ−sj Yjm(Ω)] ?
(s) [γ−sj′ Yj′m′(Ω)] = R
2J∑
`=0
K`jm,j′m′ γ
−s
` Y`,m+m′(Ω) (14)
for all suitable indices with j, j′ ≤ 2J . The coefficients K`jm,j′m′ are determined by (12).
One objective of this work is to apply this decomposition in order to define a star
product ?(s) in terms of spin-weighted spherical harmonics and their spin-weight raising
and lowering differential operators ð and ð.
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4. Spin-weighted spherical harmonics
Spin-weighted spherical harmonics Yηjm with spin weight η have been introduced by
Newman and Penrose [39] using spin-weight raising and lowering operators ð and ð
in order to describe the asymptotic behavior of the gravitational field. Since then,
spin-weighted spherical harmonics have been widely used to analyze, in particular,
gravitational waves [52, 53] or the cosmic microwave background [54, 55]. Moreover,
efficient computational tools for spin-weighted spherical harmonics are available [56]
and these can also be used in the fast calculation of spherical convolutions [57,58].
Spin-weighted spherical harmonics Yηjm with −j ≤ η ≤ j are defined as functions
on the three-dimensional sphere as shown in figure 2. Similarly as for ordinary spherical
harmonics Yjm(θ, φ), the spin-weight raising and lowering operators ð and ð are used
in their definition (see, e.g., [39] and Chapter 2.3 in [59])
Yηjm :=
{ √
(j−η)!/(j+η)! ðη Yjm for η ≥ 0
(−1)η
√
(j−|η|)!/(j+|η|)! ð|η|Yjm for η < 0,
(15)
and the particular case of η = 0 corresponds to ordinary spherical harmonics. (Spin-
weighted spherical harmonics are related to Wigner D-matrices via Djmη(φ, θ, ψ) =
(−1)m√(4pi)/(2j+1)Yηj,−m(θ, φ)e−iηψ, refer to Eq. (2.52) in [59].) The operators ð and
ð raise and lower the spin weight η with −j ≤ η ≤ j in (see Eq. (3.20) in [39])
ðYηjm =
√
(j−η)(j+η+1) Yη+1jm and ðYηjm = −
√
(j+η)(j−η+1) Yη−1jm . (16)
Their explicit form can be specified in terms of the differential operators
ðYηjm = −(sin θ)η(∂θ + i/ sin θ ∂φ)[ (sin θ)−η Yηjm] and (17)
ðYηjm = −(sin θ)−η(∂θ − i/ sin θ ∂φ)[ (sin θ)η Yηjm], (18)
see Eq. (3.8) in [39]. Spin-weighted spherical harmonics are up to a constant factor
invariant under the application of ðð and ðð (see Eq. (2.22) in [59]):
ððYηjm = [η(η+1)− j(j+1)] Yηjm and ððYηjm = [η(η−1)− j(j+1)] Yηjm. (19)
Therefore, ðð acts up to a minus sign as the total angular momentum operator when
applied to spherical harmonics, i.e., ððYjm = −j(j+1)Yjm, refer to Eq. (2.25) in [59].
The commutator [ð,ð] = 2η immediately follows from (19). Products YηjmY
−η
j′m′ ∝
(ðη Yjm)(ð
η
Yjm) of spin-weighted spherical harmonics decompose into the sums [59]
(ðη Yjm)(ð
η
Yj′m′) =
j+j′∑
`=0
ηκ`jm,j′m′ Y`,m+m′(Ω) and (20)
(ðη Yjm)(ð
η
Yj′m′) =
j+j′∑
`=0
−ηκ`jm,j′m′ Y`,m+m′(Ω) (21)
of spherical harmonics. The decomposition coefficients ηκ`jm,j′m′ are explicitly specified
in (A.5) and they are similar to the ones used in Definition 1. In sections 6-8, we
utilize the products of spin-weighted spherical harmonics from (20) and (21) to explicitly
determine the star product such that it satisfies its defining property from (1).
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Y1m
η (θ, ϕ) Y2mη (θ, ϕ)
Figure 2. Spin-weighted spherical harmonics Yηjm of rank one (left) and two (right).
Colors represent the complex phase; red (dark gray) and green (light gray) depict
positive and negative values, while blue and yellow represent i and −i.
5. Approximating spin-weight raising and lowering operators
As mentioned in section 3, the spherical phase space converges for an increasing spin
number J to the (infinite-dimensional) planar phase space [28]. The arc length θR
becomes a measure of distance from the north pole, which is equivalent to its infinite-
dimensional counterpart |α|. The two phase spaces can be related using the formula
α =
√
J/2 θ e−iφ. In this parametrization, spin-weighted spherical harmonics can, up
to an additive error that scales inversely with R, be expanded as derivatives
Yηjm(α) = (−1)ηe−iηφ(∂α∗)η Yjm(α) +O(|α|/
√
J) and (22)
Y−ηjm(α) = e
iηφ(∂α)
η Yjm(α) +O(|α|/
√
J) (23)
of ordinary spherical harmonics with respect to the coordinates α and α∗ while assuming
a fixed arc length |α|. This is essentially an approximation of (15) for small angles θ.
Figure 3(a)-(b) plots the absolute value of the difference between the spin-weighted
spherical harmonics Yηjm(α) and their approximations which rely on the derivatives
from (22)-(23). The approximation error vanishes in the limit of large J assuming that
the coordinates α are located at the north pole or that the values |α|/√J are small (e.g.,
|α| is bounded). Extending this to the spin-weight raising and lowering operators from
(17) and (18), these operators ð and ð can be shown to transform for large J into the
derivatives ∂α∗ and ∂α over the complex plane.
Proposition 1. Assume that the phase-space function f = Fρ(Ω, s) of a spin J is
parametrized using the arc length α =
√
J/2 θ e−iφ and that its spherical-harmonics
expansion coefficients might depend on J . The action of spin-weight raising and lowering
operators ð and ð at fixed α are given by
[(ð/
√
2J)η f ](α) = (−1)ηe−iηφ(∂α∗)η f(α) +O(|α|J−1), (24)
[(ð/
√
2J)η f ](α) = (−1)ηeiηφ(∂α)ηf(α) +O(|α|J−1), (25)
[(ðð/(2J) )f ](α) = ∂α∗∂α f(α) +O(|α|J−1), and (26)
[(ðð/(2J) )f ](α) = ∂α∂α∗ f(α) +O(|α|J−1), (27)
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(a) (b) (c)
2.0 2.5 3.0 3.5 4.0 4.5
-2.5
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-0.5
Log10J
Log10|err(Yjm
η )|
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Log10|err(Yjm
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1
2 Log10J
Log10||err( f )||L2
Figure 3. The absolute value of the difference between exact spin-weighted spherical
harmonics (a) Yηjm(α) and (b) Y
−η
jm(α) and their approximations from (22) and (23) for
fixed η = 4, m = 4, and α = 1.2ei2.1 and variable j ∈ {4, 8, 12, 16} (red, blue, orange,
gray). (c) L2-norm of the difference between the exact derivative of the spin-up state
Wigner function f := [ð/
√
2J ]nW|JJ〉(Ω) and its approximation using Proposition 1
for n ∈ {2, 3, 4, 8} (red, blue, orange, gray). Dashed lines show the expected scaling
O(J−1/2) for (a) and (b) as well as O(J−1) for (c) with suitable prefactors.
and this action is up to an error term O(J−1) equivalent to applying the complex
derivatives ∂α∗ and ∂α for any powers of η. The error term O(J−1) vanishes in the
limit of large J if the differentials [ð/
√
2J ]η f remain non-singular in the limit. This
implies convergence in the L2 norm if f and its differentials are also square integrable
in the limit. Refer to Appendix E for the proof.
Note that phase-space representations Fρ(Ω, s) and all their derivatives are non-
singular and square integrable if ρ is finite-dimensional, i.e., if Fρ(Ω, s) is a finite linear
combination of spherical harmonics. In general, singularities can however appear for
s > 0 in the limit of large J , as the corresponding parity operators Πs from (3)
are unbounded [15, 28] for s > 0. This can be illustrated using the example of the
spin-up state F|JJ〉(Ω, s): it is determined by a sum of 2J+1 spherical harmonics and
its expansion coefficients are proportional to γ1−sj and depend implicitly on J [28].
These rapidly decreasing expansion coefficients can be approximated for increasing j by
e−j
2(1−s)/(4J) if s < 1 and F|JJ〉(Ω, s) is bounded and square integrable in the large-J limit.
But for s = 1 this expansion defines in the limit a delta distribution which is clearly
singular and not square integrable. For example, the differentials [ð/
√
2J ]ηF|JJ〉(Ω, s)
are sums of spin-weighted spherical harmonics with expansion coefficients which
are proportional to [(2J)(j−η)!/(j+η)!]−η/2 γ1−sj and which can be approximated by
[j2/(2J)]η/2e−j
2(1−s)/(4J). The coefficients vanish for increasing j and define bounded,
square-integrable functions in the limit of large J for s < 1. Figure 3(c) shows the
L2 norm of the difference between the Wigner function’s differential [ð/
√
2J ]ηW|JJ〉(Ω)
and its approximation via Proposition 1. This difference vanishes for large J . Refer to
Appendix E for further details.
One example of an unbounded operator is the Wigner function WI+/√2J(Ω) of the
raising operator I+/√2J which reproduces the annihilation operator a in the large-spin
limit [49]. One obtains
WI+/√2J(Ω) ∝
√
J/2 Y1,1(θ, φ) ∝
√
J/2 sin θeiφ and (28)
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ð/
√
2J WI+/√2J(Ω) ∝ 12Y−11,1(θ, φ) ∝ 12(1 + cos θ)eiφ. (29)
The corresponding L2 norms (as defined with respect to (13)) diverge with increasing
J and the Wigner functions are no longer square integrable. However, for any bounded
α =
√
J/2 θ e−iφ, the functions have the proper limits
lim
J→∞
[
√
J/2 sin(|α|/
√
J/2)eiφ ] = α and lim
J→∞
[ 1
2
(1 + cos(|α|/
√
J/2)] = 1,
where 1 is the derivative of α. Refer to Appendix E for details.
Proposition 1 essentially approximates the differentials ðηFρ(Ω, s) of spherical
functions with the derivatives ∂α∗Fρ(Ω, s). This duality then becomes exact in the
large-spin limit if the differentials ðηFρ(Ω, s) remain non-singular. In particular, we use
the spin-weight raising and lowering operators to construct the star product by applying
(14), which then naturally recovers the infinite-dimensional star product from (7):
Proposition 2. Consider the arc-length parametrization α =
√
J/2 θ e−iφ and two spin-
J phase-space functions f = Fρ(Ω, s) and g = Fρ′(Ω, s). Their spherical-harmonics
expansion coefficients might depend on J . Following Proposition 1, one obtains the
approximations
f [ (
←
ðη)(
→
ðη)/(2J)η ]g = f [ (←−∂ α∗)η(−→∂ α)η ]g +O(J−1), (30)
f [ (
←
ðη)(
→
ðη)/(2J)η ]g = f [ (←−∂ α)η(−→∂ α∗)η ]g +O(J−1). (31)
The error vanishes in the limit of large J if the differentials [ðηf ] [ðηg]/(2J)η remain
non-singular in the limit.
6. Star products of spin Glauber P and Husimi Q functions
6.1. The exact star product
We start by determining the exact star product of Q functions (s=−1) and P functions
(s=1) which are given uniquely in terms of spin-weight raising and lowering operators:
Result 1. The (finite-dimensional) exact star product of two Q functions QA and QB
and two P functions PA and PB is determined for the spin number J by
QA ?
(−1) QB = QA
2J∑
η=0
λ(−1)η (
←
ðη)(
→
ðη)QB and PA ?(1) PB = PA
2J∑
η=0
λ(1)η (
←
ðη)(
→
ðη)PB, (32)
where the coefficients (see Appendix B)
λ(−1)η =
(2J−η)!
η!(2J)!
and λ(1)η =
R24pi (−1)η (2J)!
η!(2J+η+1)!
(33)
depend on J . Terms in (32) related to spherical harmonics Yjm with rank j > 2J are
not relevant and can be projected out as detailed in Appendix D and [34].
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The proof of Result 1 is given in Appendix B. The upper bounds in the sums in (32)
can be lowered to min (jA, jB) where jA and jB are the maximal ranks in the tensor-
operator decompositions of A and B. Similar results have been attained for Q functions
in Eq. (86) of [40] using angular momentum operators, refer also to Eq. (45) in [23]. We
improve and simplify these results for star products of phase-space representations of
spins with the help of spin-weighted spherical harmonics. In particular, this approach
enables us to efficiently approximate phase-space representations for large spin numbers
J as discussed below.
6.2. Approximations of the star product
The coefficients in (33) of Result 1 can be expanded as (see Appendix C)
λ(−1)η = [η!(2J)
η]−1 for η = 0 or η = 1, (34)
λ(−1)η = [η!(2J)
η]−1 +O(J−η−1) for η ≥ 2, and (35)
λ(1)η = (−1)η[η!(2J)η]−1 +O(J−η−1) for η ≥ 0. (36)
Also, the finite sums in (32) are unchanged if higher-order differentials (with respect to
η) are added since all the higher-order differentials vanish, i.e., ðηYjm = 0 for η > j. The
scaling O(J−η−1) of the approximations in (35) and (36) is highlighted in figure 4(a)-(b)
for different values of η.
Result 2. The exact star product in Result 1 can be approximated as
QA ?
(−1) QB = QA exp[(
←
ð )(
→
ð )/(2J)]QB +O(J−3) (37)
PA ?
(1) PB = PA exp[−(
←
ð )(
→
ð )/(2J)]PB +O(J−1). (38)
One obtains from Proposition 1 a more convenient approximation
QA ?
(−1) QB = QA exp[
←−
∂ α
−→
∂ α∗ ]QB +O(J−1) (39)
PA ?
(1) PB = PA exp[−←−∂ α∗−→∂ α]PB +O(J−1), (40)
which recovers the infinite-dimensional case in the large-spin limit if the functions QA,
QB, PA, and PB and their differentials remain non-singular in the limit.
(a) (b) (c)
1.5 2.0 2.5
-30
-20
-10
0
Log10J
Log10err(λη(-1))
1.5 2.0 2.5
-30
-20
-10
0
Log10J
Log10err(λη(1))
2.0 2.5 3.0
-4.5
-4.0
-3.5
-3.0
-2.5
-2.0
-1.5 Log10J
Log10err(γ j)
Figure 4. (a)-(b) Difference between the exact factors λ
(−1)
η and λ
(1)
η from Result 1
(33) and their approximations from (35) and (36) for η ∈ {2, 5, 10} (blue, orange,
green). (c) Difference between the exact factor γj and its approximation from Result 4
for j ∈ {2, 5, 12} (blue, orange, green). Dashed lines show the expected scaling
O(J−η−1) for (a) and (b) as well as O(J−1) for (c) with suitable prefactors.
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7. Transforming between phase-space representations
7.1. Exact transformations
As detailed in [28], the convolution of the finite-dimensional distribution function
Fρ(Ω, s
′) with the spin-up state representation F|JJ〉(Ω, s) transforms between different
representations and results in a type-(s+s′−1) distribution function (refer also to (4))
Fρ(Ω, s+s
′−1) = F|JJ〉(θ, s) ∗ Fρ(Ω, s′) =: (s)Fρ(Ω, s′). (41)
We rely on (41) to define the differential operator (s) which will be often used in
the following as a convenient notational shortcut for the convolution. This differential
operator satisfies the eigenvalue equation(s) Yjm = γ1−sj Yjm when applied to spherical
harmonics [28]. Appendix D details how these eigenvalues γ1−sj can be written as a 2J-
order polynomial in j(j+1) which enables us to specify (s) as a polynomial in the
differentials ðð using (19):
Result 3. The operator (s) from (41) can be specified as a 2J-order polynomial
(s)Fρ(Ω, s′) =
2J∑
n=0
cn(s) (ðð)nFρ(Ω, s′) (42)
in terms of the differentials ðð (or equivalently ðð), where the coefficients cn(s) are
uniquely determined and can be computed analytically (refer to Appendix D for details).
The upper summation bound in (42) can be enlarged to 4J if one performs a
truncation of the higher-order spherical-harmonics terms in the resulting phase-space
distribution function, refer to Appendix D.
7.2. Approximate transformations
The eigenvalue equation for the transformation operator (s) from section 7.1 is
expanded into
(s) Yjm =
∞∑
n=0
[−1−s
4J
j(j+1)]n/n! Yjm +O(J−1) (43)
by applying results of Appendix C. This enables the following approximations which are
also discussed in figure 4(c):
Result 4. Using the asymptotic expansion from (43), (s) can be approximated by
(s)Fρ(Ω, s′) = exp[ 1−s4J ðð]Fρ(Ω, s
′) +O(J−1). (44)
Proposition 1 facilitates the approximation
(s)Fρ(Ω, s′) = exp[ 1−s2 ∂α∗∂α ]Fρ(Ω, s
′) +O(J−1) (45)
in terms of the derivatives ∂α∗ and ∂α. This recovers the infinite-dimensional case from
(4) in the large-spin limit if Fρ(Ω, s
′) and its differentials remain non-singular.
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8. Star products of s-parametrized phase spaces
8.1. The exact star product
Generalizing from P and Q functions in section 6, the star product of general s-
parametrized phase spaces is now determined. The differential operator (s) can
be used to translate the star product of P or Q functions to the star product of
arbitrary s-parametrized distribution functions. In particular, we apply Result 1 to
QAB = QA ?
(−1) QB and PAB = PA ?(1) PB and use the substitutions
(s+2)QAB = FAB(Ω, s), QA = (−s)FA(Ω, s), QB = (−s)FB(Ω, s),
(s)PAB = FAB(Ω, s), PA = (2−s)FA(Ω, s), PB = (2−s)FB(Ω, s)
from Result 2 in order to compute the star product:
Result 5. The star product of two s-parametrized phase-space distribution functions
FA(Ω, s) and FB(Ω, s) is given by either of the two equations
FA(Ω, s) ?
(s) FB(Ω, s) = (s+2){FA(Ω, s) [
←
(−s) ?(−1)
→
(−s)]FB(Ω, s)} (46)
FA(Ω, s) ?
(s) FB(Ω, s) = (s){FA(Ω, s) [
←
(2−s) ?(1)
→
(2−s)]FB(Ω, s)}. (47)
An explicit expansion can be calculated by expanding (s) using (42) and ?(±1) using
(32) and by applying the Leibniz identity ð(fg) = (ðf)g + f(ðg). This results in an
alternative form of the exact star product in (46) and (47):
f ?(s) g =
∑
a, b, c, d
λ
(s)
a, b, c, d[. . . (ð)
a2(ð)b1(ð)a1f ][. . . (ð)d2(ð)c1(ð)d1g]. (48)
The suitably chosen coefficients λ
(s)
a, b, c, d are nonzero only if all of the indices ai, bi, ci, di
are smaller than 2J+1. Different values for these coefficients are possible as the product
of spin-weight raising and lowering operators can be reordered using their commutators
from section 4. But all possible values of the coefficients lead to the same unique result.
Although the choice of the coefficients in the finite sum in (48) is in general not
unique due to the non-commutativity of ð and ð, convenient formulas can be obtained
for explicit values of J by reordering products of ð and ð. The particular case of J = 1/2
is discussed in section 8.2. For large J , the star product can be approximated using the
commutative derivatives ∂α∗ and ∂α from the infinite-dimensional case as discussed in
section 8.3. Also, (46) can always be used to calculate the exact star product, but this
approach consists of three consecutive steps, as demonstrated in section 9.
8.2. The case of a single spin 1/2
In the particular case of J = 1/2, the exact star product in (46) can be simplified into
a more convenient form by applying (48). Let A and B denote spin-1/2 operators and
their phase-space representations are given by f = FA(Ω, s) and g = FB(Ω, s). The star
product is then determined by
f ?(s) g = NsP(f [1 + as(
←
ð )(
→
ð )− bs(
←
ð )(
→
ð )] g), (49)
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where the s-dependent coefficients are Ns = 2
− s
2
− 1
2 ,
as =
1
4
3−s−
1
2 [2 3s/2 − 3s+ 12 +
√
3], and bs =
1
4
3−s−
1
2 [2 3s/2 + 3s+
1
2 −
√
3].
The projection P := 1− ðð/12− ðððð/24 removes superfluous terms in the spherical-
harmonics decomposition, i.e., contributions Yjm with j > 1 that do not correspond to
spin-1/2 distribution functions (refer to Result 2 in [34]). Note that for Wigner functions
(i.e. s = 0) the explicit form of the star product can be calculated as (see, e.g., [34])
WA ?
(0) WB = PR [
√
2piWAWB − i2
√
8pi
3
{WA,WB}S] (50)
where a0 = b0 = 1/(2
√
3) and N0 = 1/
√
2. For J = 1/2, we have the radius
R = (4pi)−1/2 and the spherical Poisson bracket has the form i{., .}S =←−∂ φ(sin θ)−1−→∂ θ−←−
∂ θ(sin θ)
−1−→∂ φ, which should also be compared to (53).
8.3. Approximations of the star product
Applying Result 2 and Result 4, the exact star product in Result 5 can be efficiently
approximated as detailed in the following:
Result 6. Let f = FA(Ω, s) and g = FB(Ω, s) denote the phase-space functions of
the spin-J operators A and B. The star product in (46) can be expanded in terms of
spin-weight raising and lowering operators as (refer to Appendix F for a proof)
f ?(s) g =
4J∑
n=0
n∑
m=0
cnm(s)
(2J)n
[ðm ðn−mf ][ðm ðn−mg] +O(J−1), (51)
where the coefficients cnm(s) are defined in Appendix F. Similarly, the star product can
be specified in terms of the derivatives
f ?(s) g = f exp[ (1−s)
2
←−
∂ α
−→
∂ α∗ − (1+s)2
←−
∂ α∗
−→
∂ α] g +O(J−1). (52)
The infinite-dimensional case from Equation (7) is recovered in the large-spin limit by
applying Proposition 1 if f and g and their differentials remain non-singular.
Note that the first-order term (i.e. n = 1) of the star product ?(0) in (51) is for the
case of a Wigner function (i.e. s = 0) proportional to the spherical Poisson bracket [34]
{., .}S := i[(
←
ð )(
→
ð )− (
←
ð )(
→
ð )]/(2J) =
←−
∂ φ(2J sin θ)
−1−→∂ θ −←−∂ θ(2J sin θ)−1−→∂ φ, (53)
which corresponds to the classical part of the time evolution [34]. The approximate
star product can be also used to derive efficient approximations of finite-dimensional
phase-space representations for large J as illustrated in section 10.
9. Time evolution of quantum states for a single spin J
9.1. Description of the time evolution using the star product
The time evolution of a quantum state ρ for a single spin J can be described in a phase
space via the Moyal equation from (2). We discuss now the general structure of the
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time evolution of phase-space functions along the lines of [34] and present an explicit
example in section 9.2. We refer to [34] for further background and additional examples.
Substituting the s-parametrized star product in (2) with one of its forms from Result 5
yields the exact equation of motion for an arbitrary quantum state Fρ(Ω, s) under a
Hamiltonian FH(Ω, s) as (refer, e.g., (47))
∂Fρ(Ω, s)
∂t
= − i(s){FH(Ω, s) [
←
(2−s) ?(1)
→
(2−s)]Fρ(Ω, s)}
+ i(s){Fρ(Ω, s) [
←
(2−s) ?(1)
→
(2−s)]FH(Ω, s)}. (54)
The use of this equation is illustrated in section 9.2 with the particular case of a Wigner
function (s = 0). One can approximate this time evolution by substituting the s-
parametrized star product in (2) with one of its approximations from Result 6. This
yields for f := FH(Ω, s) and g := Fρ(Ω, s) an approximate equation of motion up to an
error of order O(J−1) as (e.g.)
∂Fρ(Ω, s)
∂t
≈
4J∑
n=1
n∑
m=0
cnm(s)
(2J)n
{−i[ðm ðn−mf ][ðm ðn−mg] + i[ðm ðn−mg][ðm ðn−mf ]}. (55)
Note that the first term of the summation (n = 1) coincides with the spherical Possion
bracket from (53) for the special case of Wigner functions (s = 0) and corresponds to a
semiclassical time evolution [34]. These semiclassical approximations have been widely
used, refer to, e.g., [23,25,41]. Higher order contributions n ≥ 2 are used to approximate
quantum contributions in the time evolution.
9.2. Example of an explicit and exact time evolution for a single spin J
We discuss in this section an example for a single spin with arbitrary spin number J
which illustrates the application of the exact star product from (46). Let us consider
an experimental system with a single spin J that is controlled as, e.g., in solid state
nuclear magnetic resonance [60]. The density operator of a single spin J is in the thermal
equilibrium given by ρ0 ∝ 1 + βIz where β depends on the temperature. (We use the
notations Iz = T10/(
√
2NJ) and I+ = T11/NJ with NJ = 1/
√
2J(J+1)(2J+1)/3.) We
assume an effective Hamiltonian of the form Heff := ω(I+)3 + Hres. The first-order
time evolution under this effective Hamiltonian is given by the von-Neumann equation
∂ρ0
∂t
= −iω[(I+)3, Iz] − i[Hres, ρ0], and the commutator [(I+)3, Iz] is proportional to
(I+)3. The term (I+)3 is responsible for creating multiple quantum coherences which are
often desirable. One can design experimental controls that maximize this contribution
in the effective Hamiltonian [60].
Equivalently, the time evolution of the density operator ρ := T10 under the
Hamiltonian H := T33 can be calculated for a single spin with arbitrary spin number
J directly in a phase-space representation. The corresponding spin Wigner functions
WH := 1RY33(θ, φ) and Wρ :=
1
R
Y10(θ, φ) are specified in terms of spherical harmonics,
see figure 5(a). The time evolution of the Wigner function Wρ is described in the phase
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(b) (h) (i)
∂Wρ∂t = -ⅈ (Wℋ★(0)Wρ -Wρ★(0)Wℋ ) = -ⅈ x2γ3 γ1 R2 ( - ) = -ⅈ x3
(a) (c) (g)
Wℋ = 1
R
Pℋ = 1γ3 R = +
Wρ = 1
R
Pρ = 1γ1 R = -
(d) (e) (f)
★(1) = x0 · + x1 · = x2
★(1) = x0 · + x1 · = x2
Figure 5. Visualizing the calculation of the exact time evolution using the star
product of Wigner functions for a single spin with an arbitrary spin number J: (a)
WH := 1RY33(θ, φ) and Wρ :=
1
RY10(θ, φ) and (c) their corresponding P functions, (b)
time evolution in the phase space via the Moyal equation (56), (d)-(f) star products
PH?(1)Pρ and Pρ?(1)PH using (58)-(59), (g) the resulting star products decompose into
two spherical harmonics as in (60); (h) substituting (f) back into the Moyal equation (b)
leads to (i) where the symmetric contribution from (g) is canceled out. The prefactors
x0, x1, x2, x3 are used to rescale some of the plots.
space by the Moyal equation (cf. [34])
∂Wρ
∂t
= −iWH ?(0) Wρ + iWρ ?(0) WH (56)
by relying on the star commutator which is determined in terms of star products, see
figure 5(b). The star product WH ?(0) Wρ is evaluated via Result 5. Using (47), we get
WH ?(0) Wρ = (0)(WH [
←
(2) ?(1)
→
(2)]Wρ ), (57)
where (2) is determined by Result 3 (refer to Equation (41)) and transforms the
Wigner functions to the corresponding P functions PH = WH
←
(2) = 1Rγ3Y33(θ, φ) and
Pρ =
→
(2)Wρ = 1Rγ1Y10(θ, φ), see figure 5(c). Note that spherical harmonics Yjm are
eigenfunctions of (2) with eigenvalues γ−1j . The right hand side of (57) is then equal
to (0)(PH ?(1) Pρ ), for which the star product of P functions is computed using (32)
in Result 1. This yields (see figure 5(d-f))
PH ?(1) Pρ = Y33?
(1)Y10
R2γ1γ3
= 1
R2γ1γ3
[λ
(1)
0 Y33Y10 + λ
(1)
1 (ðY33)(ðY10)], (58)
PH ?(1) Pρ = 1R2γ1γ3 [λ
(1)
0 Y33Y10 − λ(1)1 2
√
6 Y133Y
−1
10 ]. (59)
The coefficients λ
(1)
0 and λ
(1)
1 are defined in (33) and the operators ð and ð from (16)
are responsible for raising and lowering the spin weight of the spherical harmonics.
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Products of spin-weighted spherical harmonics can be decomposed into sums
Y33Y10 =
1
2
√
3pi
Y43 and Y
1
33Y
−1
10 = − 34√2piY33 + 14√2piY43 of spherical harmonics. The
corresponding star product of Wigner functions is obtained by rescaling spherical
harmonics Yjm by γj, which results in (refer to figure 5(g-h))
WH ?(0) Wρ = 1R2γ1γ3 [+
λ
(1)
1 3
√
3
2
√
pi
γ3Y33 + (
λ
(1)
0
2
√
3pi
−λ
(1)
1
√
3
2
√
pi
) γ4Y43] (60)
Wρ ?
(0) WH = 1R2γ1γ3 [−
λ
(1)
1 3
√
3
2
√
pi
γ3Y33 + (
λ
(1)
0
2
√
3pi
−λ
(1)
1
√
3
2
√
pi
) γ4Y43]. (61)
Note that γ4 = 0 for J < 2 which is responsible for truncating the spherical-harmonics
decomposition [34], refer to Appendix D. The final result determining the time evolution
is obtained via the star commutator from (56), and we obtain (for arbitrary J)
∂Wρ
∂t
= −i 3
√
3√
pi
λ
(1)
1
R2γ1
Y33. (62)
9.3. Extending the example to an arbitrary quantum state
Applying the same Hamiltonian WH = 1RY33 to an arbitrary quantum state g := Wρ,
we could apply (54) to determine the time evolution exactly. But we will consider here
only the approximate time evolution (see (55))
∂Wρ
∂t
≈ 1
R
4J∑
n=1
n∑
m=0
cnm(0)
(2J)n
{−i[ðm ðn−mY33][ðm ðn−mg] + i[ðm ðn−mg][ðm ðn−mY33]},
where one can apply (15) to simplify differentials. For example, one obtains (up to a
factor) the spin-weighted spherical harmonics
ðm ðn−mY33 ∝
{
Yn−2m33 for |n−m| ≤ 3 and |n− 2m| ≤ 3,
0 otherwise.
(63)
This highlights that most of the terms in the sum vanish for a general spin number J .
But this example makes it also apparent that a semiclassical approximation [23, 25, 41]
that restricts the summation to n = 1 will neglect relevant quantum contributions.
10. One example of photon-added coherent states
Creation and annihilation operators are widely used and account for numerous non-
classical effects including, for example, photon-added coherent states which were
demonstrated experimentally [61–66]. Photon-added coherent states are obtained from
coherent states |α0〉 := D(α0)|0〉 as a†|α0〉 by applying the creation operator a†. The
inversely translated version of these quantum states is created from the vacuum state
by applying the operator Q(α0) and one has
|α+0 〉 = Q(α0)|0〉 with Q(α0) := 1√1+|α0|2D(α0)
−1a†D(α0). (64)
Phase-space representations of these photon-added coherent states can be obtained using
the star products of the individual phase-space representations
F|α+0 〉(α, s) = FQ(α0) ?
(s) F|0〉(α, s) ?(s) (FQ(α0))
∗, (65)
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Figure 6. (a) Plots of the exact phase-space representations F|Ω+0 〉(Ω, 0) of |Ω
+
0 〉
for increasing spin numbers J using (69). (b)-(c) Approximations of F|Ω+0 〉(Ω, 0)
using (71) and the Gaussian function F|JJ〉(Ω, 0), also applying the approximate star
product in (51) for (b) and (52) for (c). Both (b) and (c) converge to (a) in order
O(J−1) as they approach their infinite-dimensional counterpart (d) from (64). The
approximation errors in the L2 norm shown below the plots are graphed in (e) for
J ∈ {3/2, 4, 6, 8, 10, 12}, where red dots and blue squares refer, respectively, to (b) and
(c) and the black line shows the expected scaling O(J−1) with a suitable prefactor.
The distance from the origin in these planar plots represent the arc distance from
the north pole in the spherical phase space. The rotation parameter in (69) has been
chosen as Ω0 = (θ0, φ0) = (1.2/
√
J/2,0) and the translation parameter in (64) is given
by α0 = 1.2. Plot limits are ±2. Refer also to Figure 1 and Figure 7.
where the Gaussian function F|0〉(α, s) = 2 exp [−2αα∗/(1−s)]/(1−s) represents the
vacuum state [15] and FQ(α0) := (α
∗+α∗0)/
√
1+|α0|2 corresponds to the creation
operator. Applying the star product from (7) yields
F|α+0 〉(α, s) = [α+α0−
1+s
2
∂α∗ ][α
∗+α∗0−1+s2 ∂α]F|0〉(α, s) =: Q(α0)Q(α0)F|0〉(α, s), (66)
where the second equality describes the photon creation in the shifted phase space in
terms of the differential operators Q(α0)Q(α0) = Q(α0)Q(α0). Setting α0 = 0 yields
the phase-space equivalent of the creation operator, i.e., essentially Bopp operators [67]
Q := Q(0) = [α∗ − 1+s
2
∂α] and Q := Q(0) = [α− 1+s2 ∂α∗ ]. (67)
For the number state |n〉, one can calculate the phase-space functions
F|n〉(α, s) = 1n! [QQ]nF|0〉(α, s) and F|n1〉〈n2|(α, s) = 1√n1!√n2!(Q)
n2(Q)n1F|0〉(α, s) (68)
corresponds to tilted projectors |n1〉〈n2| which span a complete, orthonormal basis [15].
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J  3
2
J  4 J  10
(a)
(b)
Figure 7. Alternative representation of figure 6(a)-(b). (a) Plots of the exact
phase-space representations F|Ω+0 〉(Ω, 0) of |Ω
+
0 〉 for increasing J using (69). (b)
Approximations of F|Ω+0 〉(Ω, 0) via (71) and (51) assuming a Gaussian F|JJ〉(Ω, 0).
(b) converges to (a) in order O(J−1). Spherical functions f(θ, φ) are plotted on the
sphere where the brightness represents the absolute value and the colors red (dark
gray) and green (light gray) depict positive and negative values, respectively.
We define finite-dimensional analogues of photon-added coherent states in the form
|Ω+0 〉 := K(Ω0)|JJ〉 with K(Ω0) := N√2JR−1(Ω0)J−R(Ω0), (69)
where |JJ〉 is the spin-up state and J−/
√
2J is the finite-dimensional analogue of the
creation operator which approaches a† in the large-spin limit. Refer to Table 1 in [49]
and Appendix G for details. Following the infinite-dimensional characterization, the
phase-space representation F|Ω+0 〉 can be written in terms of the exact star product of
the individual phase-space representations as (see Result 5)
F|Ω+0 〉(Ω, s) = FK(Ω0) ?
(s) F|JJ〉(Ω, s) ?(s) (FK(Ω0))
∗, (70)
where the Gaussian-like function F|JJ〉(Ω, s) represents the spin-up state and FK(Ω0)
is the phase-space representation of the rotated lowering operator K(Ω0). Refer to
Figure 6(a) for plots of the (unapproximated) F|Ω+0 〉(Ω, s) for s = 0. Using, e.g., the
exact star product in (46), the phase-space representation
F|Ω+0 〉(Ω, s) = K(Ω0)K(Ω0)F|JJ〉(Ω, s) = K(Ω0)K(Ω0)F|JJ〉(Ω, s) (71)
of the excited coherent state F|Ω+0 〉(Ω, s) is obtained by applying the differential operators
K(Ω0) and K(Ω0) which are defined via their action on phase space functions f , i.e.,
K(Ω0)f := FK(Ω0) ?(s) f and K(Ω0)f := f ?(s) (FK(Ω0))∗. (72)
Approximations of these operators can be used to approximate F|Ω+0 〉(Ω, s) by applying
them to a Gaussian approximation of F|JJ〉(Ω, s) as given in [28]. Approximations of
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K(Ω0) and K(Ω0) are calculated in terms of spin-weighted spherical harmonics and
their raising and lowering operators in Appendix G using the approximate star products
in (51) and (52). These approximations converge in figure 6 to the exact phase-space
functions, and the infinite-dimensional case from (64) is recovered in the large-spin limit.
Comparable to the infinite-dimensional case, the unrotated ladder operator K :=
K(0) is specified in Appendix G in terms of spin-weighted spherical harmonics and their
raising and lowering operators. One can calculate representations
F|Jm〉(Ω, s) ∝ [KK]J−m F|JJ〉(Ω, s) (73)
of the Dicke state |Jm〉 using the operators K and K, and similar representations
F|Jm1〉〈Jm2|(Ω, s) ∝ (K)J−m2(K)J−m1 F|JJ〉(Ω, s) (74)
are obtained for the tilted projectors |Jm1〉〈Jm2|. All of these states have typically
quite complicated spherical-harmonics expansions which are challenging to calculate for
large values of J . Approximations based on the star product in (52) facilitate efficient
calculations of these and similar phase-space representations for large J .
We want to close this section by remarking that general (infinite-dimensional) s-
parametrized phase spaces naturally appear in experimental homodyne measurements
[3, 61–65] of the discussed photon-added coherent states. As is explained in [68], the
relevant experiment yields s-parametrized phase-space functions with s = −(1−ξ)/ξ for
a detector efficiency of ξ. This provides an example for the occurrence of s-parametrized
phase spaces beyond the particular cases of s ∈ {−1, 0, 1}.
11. Generalization to coupled spins
The explicit form of the star product for Wigner functions of coupled spin-1/2 systems
was detailed in Result 3 of [34]. Building on results in [34], we outline how to generalize
these results to s-parameterized phase spaces of coupled spins J . We consider two
operators A and B in a system of N coupled spins J . Their phase-space representations
are determined similarly as in Result 1 of [34] and can be calculated as
FA(s, θ1, φ1, . . . , θN , φN) := tr[A
N⊗
k=1
R(θk, φk)MsR†(θk, φk)], (75)
where the transformation kernel in Result 1 of [34] is expressed here in terms of rotated
parity operators from (8). We generalize the star product described in Result 5 to the
star product
FA ? FB := FA(
N∏
k=1
[?(s)]{k})FB (76)
of phase-space representations for coupled spins by applying Result 3 of [34], where
?(s) is the star product from Result 5 and [?(s)]{k} describes that the star product acts
only on the variables θk and φk. Equation (76) completely specifies the exact star
product for a system of N interacting spins J , and the corresponding approximations via
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Result 6 can be conveniently expressed using the commutativity of partial derivatives.
For example, the approximate star product in terms of the derivatives ∂α and ∂α∗ from
(52) is generalized for coupled spins to
FA ?
(s) FB = FA exp[
N∑
k=1
( (1−s)
2
←−
∂ αk
−→
∂ α∗k − (1+s)2
←−
∂ α∗k
−→
∂ αk)]FB +O(J−1). (77)
The equation of motion for Wigner functions, i.e., the Moyal equation from (56), can
be consequently established for a system of coupled spins J using (77) as
i
∂Wρ
∂t
= WH ?(0) Wρ − Wρ ?(0) WH = WH[ei{.,.}/2 − e−i{.,.}/2]Wρ +O(J−1),
where {., .} := ∑Nk=1 gk and gk := −i←−∂ αk−→∂ α∗k + i←−∂ α∗k−→∂ αk specify a Poisson bracket
acting on the variables αk and α
∗
k. This results in the expansion
i
∂Wρ
∂t
= WH[2
∑
n=0,
n odd
(−i{., .}/2)n/n!]Wρ +O(J−1) (78)
= WH[−i
N∑
k=1
gk +
i
24
N∑
k1,k2,k3=1
gk1gk2gk3 + · · ·]Wρ +O(J−1). (79)
Using Proposition 1, the differential operators −gk can be replaced by the spherical
Poisson brackets pk := {., .}{k}S from (53), which results in the time evolution
i
∂Wρ
∂t
= WH[ i
N∑
k=1
pk − i24
N∑
k1,k2,k3=1
kµ 6=kν for µ 6= ν
pk1pk2pk3 + · · · − i24
N∑
k=1
p3k + · · ·]Wρ +O(J−1). (80)
The first two terms (before the first dots) can be directly compared to the ones appearing
in the star product of coupled spins 1/2 in Result 4 of [34]. The leading term corresponds
to the classical equation of motion, and the following terms in the expansion are ordered
according to their degree of non-locality as proposed in Result 4 of [34].
12. Conclusion
We have derived the exact star product for continuous s-parametrized phase-space
representations of single spins J in terms of spin-weighted spherical harmonics and their
raising and lowering operators. Our construction naturally recovers the well-known case
of infinite-dimensional quantum systems in the limit of large spin numbers J . Based
on approximations of spin-weighted spherical harmonics, we have derived convenient
formulas for approximating star products which, beyond the time evolution, can be
useful for efficiently calculating phase-space representations for large spin numbers. We
have illustrated our methods and their application in concrete examples. We have finally
outlined how the presented formalism can be extended to coupled spin systems. In
summary, we have established a complete phase-space description for finite-dimensional
quantum systems and their time evolution.
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Appendix A. Expansions of products of tensor operators
Adopting the notation of [34], the product of two irreducible tensor operators can be—
similarly as in (12)—expanded as (see [69])
Tj1m1Tj2m2 =
n∑
L=|j1−j2|
JQj1j2LC
LM
j1m1j2m2
TLM . (A.1)
The upper limit n := min(j1+j2, 2J) of the summation is bounded by 2J . We have
set M := m1+m2 and also use the Clebsch-Gordan coefficients C
LM
j1m1,j2m2
[47]. The
coefficients JQj1j2L from [34] are proportional to Wigner 6-j symbols [47] and depend
only on j1, j2, and L, but are independent of m1, m2, and M .
Similarly, the product of any two spin-weighted spherical harmonics can be
decomposed into a sum of spin-weighted spherical harmonics (see Eq. 2.54 in [59])
Yη1j1m1Y
η2
j2m2
=
j1+j2∑
L=|j1−j2|
(−1)M+η3
√
(2j1+1)(2j2+1)(2L+1)
4pi
×
(
j1 j2 L
m1 m2 −M
)(
j1 j2 L
−η1 −η2 η3
)
Yη3LM (A.2)
where the Wigner 3-j symbols [47] are used. The values of M = m1+m2 and η3 = η1+η2
are bounded by −L ≤ M ≤ L and −L ≤ η3 ≤ L. Substituting the left-hand side of
this equation with the definition of spin-weighted spherical harmonics Yη1j1m1 and Y
η2
j2m2
from (15) while also assuming that η1 = −η2 =: η, one obtains the relation
(ðη Yj1m1)(ð
η
Yj2m2) =
j1+j2∑
L=|j1−j2|
(−1)M+η
√
(2j1+1)(2j2+1)(2L+1)
4pi
× xj2η j1
(
j1 j2 L
m1 m2 −M
)(
j1 j2 L
−η η 0
)
YLM , (A.3)
where the factor xj2η j1 can be obtained from (15) and is determined by
xj2η j1 =
√
(j2+η)!(j1+η)!
(j2−η)!(j1−η)! . (A.4)
Finally, the explicit form of the factor κ in (20)-(21) is now given by (with M = m1+m2)
ηκLj1m1,j2m2 = (−1)M+η
√
(2j1+1)(2j2+1)(2L+1)
4pi
× xj2|η| j1
(
j1 j2 L
m1 m2 −M
)(
j1 j2 L
−η η 0
)
YLM . (A.5)
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Appendix B. Proof of Result 1
We prove now Result 1. Both formulas in (32) must satisfy the defining property (14)
of the star product. The expansions from (20)-(21) result in the condition
KLjm,j′m′ = [
γL
γjγj′
]±1
1
R
2J∑
η=0
λ(±1)η
±ηκLj1m1,j2m2
for λ
(±1)
η which holds for every j,m, j′,m′ with j, j′ ≤ 2J . This specifies an
overdetermined linear system of equations for λ
(±1)
η which can be recognized as the
matrix-vector equation K = κ(±1) λ(±1). Here, the vector λ(±1) has the entries
λ
(±1)
η and every entry Ki of the vector K is given by a value of K
Li
jimi,j′im
′
i
with
i ∈ {1, 2, . . . , (2J+1)5}. The corresponding matrix κ(±1) has the dimension (2J+1) ×
(2J+1)5 and rank (2J+1). This linear system has a unique, exact solution and one
obtains the coefficients in (33).
Appendix C. Asymptotic expansion of weight factors
Detailed expansion formulas for section 6.2 and section 7.2 are computed in the following.
The coefficients in (33) can be expanded into the form
λ(−1)η η! =
(2J−η)!
(2J)!
=
η−1∏
k=0
(2J−k)−1 =
η−1∏
k=0
[(2J)−1 + k(2J)−2 +O((2J)−3)],
where the second equality follows from the Taylor expansion (a + b)−1 = 1/a − b/a2 +
b2/a3 + · · · with a := 2J and b := −k and |b| < a. Collecting the error terms as
(2J)−η+1
∑η−1
k=0[k (2J)
−2] = (2J)−η−1[η(η−1)]/2 yields the formula
λ(−1)η η! = (2J)
−η + (2J)−η−1[η(η−1)] +O((2J)−η−2).
This results in the asymptotic expansion in (34)-(35). Similarly, λ
(1)
η is expanded as
λ(1)η (−1)ηη! =
2J (2J)!
(2J+η+1)!
= 2J
η+1∏
k=1
(2J+k)−1 = 2J
η+1∏
k=1
[(2J)−1 + k(2J)−2 +O((2J)−3)],
which simplifies to the asymptotic expansion (which is used in (36))
λ(1)η (−1)ηη! = (2J)−η + (2J)−η−1 (η+1)(η+2)2 +O((2J)−η−2).
The coefficients in the definition of spin-weighted spherical harmonics in (15) can
similarly be expanded as√
(j−η)!/(j+η)! =
η∏
k=−η+1
(j + k)1/2 =
η∏
k=−η+1
[j1/2 + k
2j1/2
+O(j−3/2)]
where the second equality is obtained from the Taylor expansion (a + b)1/2 = a1/2 +
b/(2a1/2)− b2/(8a3/2) + · · · with a := j and b := k and b < a. This yields the expansion√
(j−η)!/(j+η)! = jη + η
2j1/2
+O(j−5/2). (C.1)
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Following similar arguments, the factor γj, which is defined in (11), can be in terms
of j(j+1) expanded into the exponential function
γj = exp [−j(j+1)/(4J)] +O(J−1) =
∑
n
[−j(j+1)/(4J)]n/n! +O(J−1). (C.2)
This expansion is used in (43) to derive an approximation of the operator (s).
Appendix D. Proof of Result 3 and the associated expansion coefficients
We now prove Result 3 and determine the corresponding expansion coefficients cn(s).
The coefficients cn(s) are uniquely determined by the values of γ
1−s
j and the condition
γ1−sj =
2J∑
n=0
cn(s) [−j(j+1)]n for 0 ≤ j ≤ 2J. (D.1)
This yields the linear system V c(s) = γ(s) of equations where V is the Vandermonde
matrix with entries [V ]nj := [−j(j+1)]n and its inverse V −1 can be computed
analytically [70]. The entries of the vectors c(s) and γ(s) are given by cn(s) and γ
1−s
j ,
respectively. The exact, unique solution is determined by V −1 γ(s) = c(s).
Simultaneously truncating the spherical-harmonics decomposition can also be
achieved by enlarging the summation upper limit in (D.1) to 4J . In that case, one has
(s)Yjm = 0 for 2J < j ≤ 4J . Alternatively, a projection operator PJ from Result 2
of [34] can be applied to spin-J phase-space representations, where PJ :=
∑4J
n=0 pn (ðð)n
and the coefficients pn are computed from the linear system of equations
4J∑
n=0
pn [−j(j+1)]n =
{
1 for 0 ≤ j ≤ 2J
0 for 2J < j ≤ 4J (D.2)
which is determined by the inverse Vandermonde matrix V −1.
Appendix E. Asymptotic expansion of differential operators
Appendix E.1. Expansion formulas using polar and arc-length parametrizations
In this section, we show how the operators ð and ð approach their infinite-dimensional
counterparts given by the derivatives ∂α∗ and ∂α. We consider the polar parametrization
α = reiφ of the complex plane with r =
√
α∗α and φ := argα. Using ∂α = ∂r∂α∂r +
∂φ
∂α
∂φ,
the derivatives ∂α and ∂α∗ can be expressed in the polar parametrization by substituting
∂r
∂α
= 1
2
e−iφ and ∂φ
∂α
= −i
2
e−iφ/r which results in
∂α = e
−iφ 1
2
[∂r − i/r ∂φ] and ∂α∗ = eiφ 12 [∂r + i/r ∂φ]. (E.1)
Applying these formulas one obtains formulas for powers of derivatives:
[∂α∗ ]
η = eiηφ
η−1∏
k=0
1
2
[−k/r + ∂r + i/r ∂φ], [∂α]η = e−iηφ
η−1∏
k=0
1
2
[−k/r + ∂r − i/r ∂φ]. (E.2)
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For comparison, we apply the spin-weight raising and lowering differential operators
from (17) and (18) and obtain
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
(−k cos θ√
J/2 sin θ
+ ∂θ√
J/2
+ i√
J/2 sin θ
∂φ)Yjm (E.3)
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
(−k cos θ√
J/2 sin θ
+ ∂θ√
J/2
− i√
J/2 sin θ
∂φ)Yjm. (E.4)
The arc-length parametrization α =
√
J/2 θ e−iφ (see, e.g., [28]) implies that r =√
α∗α =
√
J/2 θ. The following terms from (E.3) and (E.4) can be expanded by applying
their Taylor series and substituting θ = r/
√
J/2:
i√
J/2 sin (r/
√
J/2)
= i
r
+ ir
3J
+O(J−3/2) and cos (r/
√
J/2)√
J/2 sin (r/
√
J/2)
= 1
r
− 2r
3J
+O(J−3/2). (E.5)
Substituting these expansions back into (E.3) and E.4 results in
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
[−k(1
r
− 2r
3J
) + ∂r + (
i
r
+ ir
3J
)∂φ +O(J−3/2)]Yjm,
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
[−k(1
r
− 2r
3J
) + ∂r − ( ir+ ir3J ) ∂φ +O(J−3/2)]Yjm.
Note that ∂φY
η
jm = imY
η
jm. The expressions in the parentheses can up to an error term
 := r
3J
(2k−m) be transformed into terms that are directly comparable to (E.2):
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
[−k/r + ∂r + i/r∂φ + +O(J−3/2)]Yjm, (E.6)
[ð/
√
2J ]η Yjm = (−1)η
η−1∏
k=0
1
2
[−k/r + ∂r − i/r ∂φ − +O(J−3/2)]Yjm. (E.7)
We compare (E.2) with (E.6) and (E.7), apply
∑η−1
k=0 /2 =
r
6J
(1+η)(η−m), and denote
the residual error terms by ζ := O(J−3/2[ð/√2J ]η−1) and ζ¯ := O(J−3/2[ð/√2J ]η−1).
This leads to
[ð/
√
2J ]η Yjm = [(−1)ηe−iηφ(∂α∗)η + r(1+η)(η−m)6J [ð/
√
2J ]η−1 + ζ] Yjm (E.8)
[ð/
√
2J ]η Yjm = [(−1)ηeiηφ(∂α)η − r(1+η)(η−m)6J [ð/
√
2J ]η−1 + ζ¯] Yjm. (E.9)
Substituting this expansion into the definition of spin-weighted spherical harmonics in
(15), one obtains for a fixed arc length α the forms (refer to (22)-(23) and Figure 3(a-b))
Yηjm − (−1)ηe−iηφ(∂α∗)η Yjm ∝ |α|(j
√
J)−1 Yη−1jm +O(J−1) and (E.10)
Y−ηjm − eiηφ(∂α)η Yjm ∝ |α|(j
√
J)−1 Y−η+1jm +O(J−1). (E.11)
The difference on the left-hand side vanishes in the limit of infinite J for every bounded
α, as the spin-weighted spherical harmonics Y−η±1jm on the right-hand side are bounded,
i.e., |Y−η±1jm (θ, φ)| <∞.
We now describe a general criterion (see section 5) for spherical functions and their
differentials to be bounded. Assume now that the spherical function f = f(θ, φ) =
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fjmYjm(θ, φ) is bounded, i.e., |f(θ, φ)| < ∞. Note that the expansion coefficients
might depend on J . Also, assume that the differentials are bounded, i.e., |ðηf(θ, φ)| <∞
and |ðηf(θ, φ)| <∞, which translates to
|(ð/
√
2J)ηf(θ, φ)| = |
∑√
(2J)η(j−η)!/(j+η)!−1fjmYηjm(θ, φ)| <∞
|(ð/
√
2J)ηf(θ, φ)| = |
∑√
(2J)η(j−η)!/(j+η)!−1fjmY−ηjm(θ, φ)| <∞.
We emphasize that f and all of its derivatives are bounded if there are only a finite
number of non-zero expansion coefficients fjm or if the expansion coefficients |fjm| decay
faster in j than the coefficients
√
(j−η)!/(j+η)! ≈ j−η from (C.1). Applying (E.6) and
(E.7) to the spherical function f one gets for a fixed arc length |α| that
[(ð/
√
2J)η − (−1)ηe−iηφ(∂α∗)η] f(α) ∝ |α|J−1 [ð/
√
2J ]η−1f(α)
[(ð/
√
2J)η − (−1)ηeiηφ(∂α)η] f(α) ∝ |α|J−1 [ð/
√
2J ]η−1f(α).
This difference clearly vanishes if g = |α| [ð/√2J ]η−1f(α) remains bounded in the limit
of infinite J . (The assumption could be weakened such that the growth of the absolute
value of g in J is slower than O(J).) For a fixed α, this expansion of the action of
spin-weight lowering and raising operators has the convergence rate O(J−1), refer to
Proposition 1.
We now describe when spherical functions and their differentials are in general
bounded in the L2 norm, and this information is utilized in section 5. The asymptotic
behavior of the difference function can be measured in the L2 norm. Assume that
the square-integrable spherical function f = f(θ, φ) =
∑
fjmYjm(θ, φ) observes
R2
∑ |fjm|2 = 1. Also asssume that its differentials are square integrable. Applying
the orthonormality of spin-weighted spherical harmonics, this translates to
||(ð/
√
2J)ηf(θ, φ)||L2 = R2
∑
((2J)η(j−η)!/(j+η)!)−1|fjm|2 <∞, (E.12)
||(ð/
√
2J)ηf(θ, φ)||L2 = R2
∑
((2J)η(j−η)!/(j+η)!)−1|fjm|2 <∞. (E.13)
Note that f and all of its derivatives are square integrable for finite J if there are only
a finite number of non-zero expansion coefficients fjm or if the expansion coefficients
|fjm|2 decay faster in j than (j−η)!/(j+η)! ≈ j−2η from (C.1). Applying (E.6) and
(E.7), the norm of the difference is given by
|| [(ð/
√
2J)η − (−1)ηe−iηφ(∂α∗)η] f(θ, φ)||L2 ∝ J−1 || |α| [ð/
√
2J ]η−1f(θ, φ)||L2
|| [(ð/
√
2J)η − (−1)ηeiηφ(∂α)η] f(θ, φ)||L2 ∝ J−1 || |α| [ð/
√
2J ]η−1f(θ, φ)||L2 .
This difference clearly vanishes if the norm || |α| [ð/√2J ]η−1f(θ, φ)||L2 remains bounded
in the large-spin limit. (This assumption can be weakened such that the growth of this
norm in J is slower than O(J).) Refer to Proposition 1.
Alternatively, the following expansions can be derived from (E.6) and (E.7):
[(ð/
√
2J)η − (−1)ηe−iηφ(∂α∗)η]f(α) ∝ J−1|α|∂
η−1f(α)
(∂α∗)η−1
,
[(ð/
√
2J)η − (−1)ηeiηφ(∂α)η] f(α) ∝ J−1|α|∂
η−1f(α)
(∂α)η−1
.
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These differences vanish in the limit of infinite J if the derivatives remain bounded, i.e.,
| |α|∂
η−1f(α, α∗)
(∂α∗)η−1
| <∞ and | |α|∂
η−1f(α, α∗)
(∂α∗)η−1
| <∞. (E.14)
In addition, the L2 norm of the differences vanishes if the derivatives remain square
integrable, i.e.,
|| |α|∂
η−1f(α, α∗)
(∂α∗)η−1
||L2 <∞ and || |α|∂
η−1f(α, α∗)
(∂α∗)η−1
||L2 <∞, (E.15)
or if the growth of the norm and the absolute value in J is slower than O(J). This is
used in Proposition 1.
Following similar arguments, asymptotic expansions for products of differentials
from Proposition 2 are obtained in the formulas
|f [(
←
ðη)(
→
ðη)/(2J)η]g − f(←−∂ α∗)η(−→∂ α)ηg| ∝ J−1 and (E.16)
|| f [(
←
ðη)(
→
ðη)/(2J)η − (←−∂ α∗)η(−→∂ α)η] g||L2 ∝ J−1, (E.17)
and the two formulas are also valid for the conjugate derivatives. Consider two square-
integrable functions f and g with the additional constraint that the product fg as
well as the products of differentials |α|(ðηf)(ðηg) are square integrable. The L2-norm
convergence then holds (refer to Proposition 2).
Appendix E.2. The product ðð of the spin-weight raising and lowering operators
We now derive the second part of Proposition 1. The derivatives ∂α∗∂α in the polar
parametrization are expanded into
∂α∗∂α = [−1/r + ∂r + i/r ∂φ][∂r − i/r ∂φ]/4. (E.18)
Similarly, the expansion of the operator ðð/(2J) is given by
ðð/(2J) Yjm = [− cos θ√2J sin θ + ∂θ/
√
2J + i√
2J sin θ
∂φ][ ∂θ/
√
2J − i√
2J sin θ
∂φ] Yjm. (E.19)
Applying the expansions from (E.5) and the parametrization θ = r/
√
J/2 yields
ðð/(2J) Yjm = [−1r − 2r3J + ∂r + ( ir+ ir3J )∂φ +O(J−3/2)]
× [∂r − ( ir+ ir3J )∂φ +O(J−3/2)] Yjm/4.
Now separating the terms and expanding the action ∂φYjm results in
ðð/(2J) Yjm = [−1r + ∂r + ir∂φ − (m+2)r3J +O(J−3/2)]
× [ ∂r − ir ∂φ − mr3J +O(J−3/2)] Yjm/4.
Finally, we obtain for a bounded spherical function f that
[ðð/(2J)− ∂α∗∂α]f ∝ |α|J−1 and ||[ðð/(2J)− ∂α∗∂α] f ||L2 ∝ |α|J−1.
The norm or the absolute value vanish in the large-spin limit if both the function f and
its differentials are bounded or square integrable in the limit, see Proposition 1.
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Appendix F. Proof of Result 6
We prove Result 6. Substituting the approximations of (s) from (44) and of ?(−1) form
(39) into (46) yields the formula
f [
←
(−s) ?(−1)
→
(−s)] g
= f exp[ 1+s
2
←−
∂ α∗
←−
∂ α ] exp[
←−
∂ α
−→
∂ α∗ ] exp[
1+s
2
−→
∂ α∗
−→
∂ α ] g +O(J−1)
= f exp[ 1+s
2
←−
∂ α∗
←−
∂ α +
←−
∂ α
−→
∂ α∗ +
1+s
2
−→
∂ α∗
−→
∂ α ] g +O(J−1),
where the second equality follows from the commutativity of partial derivatives. Using
the Leibniz rule of partial derivatives
∂α∗∂α(fg) = (∂α∗∂αf)g + f(∂α∗∂αg) + (∂α∗f)(∂αg) + (∂αf)(∂α∗g) (F.1)
results in a convenient description for the action of the approximation of (s)fg:
exp[−1+s
2
∂α∗∂α ]fg = f exp[−1+s2
(←−
∂ α∗
←−
∂ α+
−→
∂ α∗
−→
∂ α+
←−
∂ α∗
−→
∂ α+
←−
∂ α
−→
∂ α∗
)
]g. (F.2)
Substituting this into (s+2)
(
f [
←
(−s) ?(−1)
→
(−s)] g
)
, one obtains (52) which is
expanded as
f ?(s) g =
∞∑
n=0
n∑
m=0
cnm(s) (∂
m
α ∂
n−m
α∗ f)(∂
m
α∗ ∂
n−m
α g) +O(J−1), (F.3)
where cnm(s) are the expansion coefficients of the exponential exp[
(1−s)
2
a − (1+s)
2
b] =∑∞
n=0
∑n
m=0 cnm(s) a
mbn−m for commutative a and b. Using the polar parametrization
from (E.2), the derivatives ∂nα ∂
m
α∗ can be represented as
∂nα ∂
m
α∗ = e
i(m−n)φ
n−m−1∏
η=−m
1
2
[−η/r + ∂r − i/r ∂φ]
m−1∏
η=0
1
2
[−η/r + ∂r + i/r ∂φ]. (F.4)
One applies arguments from Appendix E and the expansion
(∂nα ∂
m
α∗f)(∂
n
α∗ ∂
m
α g) = (2J)
−n−m(ðnðmf)(ðnðmg) +O(J−1) (F.5)
of the differential operators can be established which finally yields (51).
Appendix G. Details for the example in section 10
We discuss some details for the example in section 10. The normalization factor N in
(69) can be computed using 1/N2 = 〈JJ |K†K|JJ〉 where
K = R−1(Ω0)J−R(Ω0)/
√
2J
= [J−D1−1,−1(Ω′) + JzD10,−1(Ω′)/
√
2 + J+D11,−1(Ω′)]/
√
2J. (G.1)
Here, Djm,m′ are Wigner D-matrix elements [1]. All the contributions in (G.1) vanish
except for 〈JJ |J+J−|JJ〉 = 2J and 〈JJ |JzJz|JJ〉 = J2. Finally, one obtains
1/N2 = cos(θ/2)2[1 + 2J − (2J−1) cos(θ)]/2.
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The phase-space representation FK(Ω0) of the operator K from (69) can be specified
in terms of spherical harmonics as [34]
FK(Ω0) = csR(Ω0)Y1,−1(Ω)
= cs[Y1,−1(Ω)D1−1,−1(Ω0) + Y1,0(Ω)D
1
0,−1(Ω0) + Y1,1(Ω)D
1
1,−1(Ω0)],
where the rotation can be written in terms of Wigner D-matrices and the prefactor is
given by cs = N
√
(J+1)(2J+1)/3 γ−s1 /R.
The star product with FK(Ω0) in (70) and (71) can be approximated using (51). The
approximate actions of K(Ω0) and K(Ω0) are then given by
K(Ω0) f = [FK(Ω0) + 1−s4J (ðFK(Ω0))ð− 1+s4J (ðFK(Ω0))ð] f +O(J−1) (G.2)
K(Ω0) f = [(FK(Ω0))∗ + 1−s4J (ð(FK(Ω0))∗)ð− 1+s4J (ð(FK(Ω0))∗)ð] f +O(J−1). (G.3)
Using the star-product approximation from (52), the actions of K(Ω0) and K(Ω0) can
be expanded into
K(Ω0) f = [FK(Ω0) + 1−s4J (∂αFK(Ω0))∂α∗ − 1+s4J (∂α∗FK(Ω0))∂α] f +O(J−1) (G.4)
K(Ω0) f = [(FK(Ω0))∗ + 1−s4J (∂α∗(FK(Ω0))∗)∂α − 1+s4J (∂α(FK(Ω0))∗)∂α∗ ] f +O(J−1). (G.5)
Knowing that FK(0) = csY1,−1(Ω) with ðY1,−1 =
√
2Y11,−1, ðY1,−1 = −
√
2Y−11,−1, and
(Y1,−1)∗ = Y1,1, the action of K(Ω0) and K(Ω0) at the point Ω0 = 0 is given by
K(0) f = K f = cs[Y1,−1 −
√
21−s
4J
Y−11,−1ð−
√
21+s
4J
Y11,−1ð] f +O(J−1) and (G.6)
K(0) f = K f = cs[Y1,1 +
√
21−s
4J
Y11,1ð +
√
21+s
4J
Y−11,1ð] f +O(J−1), (G.7)
which are then used in (73)-(74).
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